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We define the concept of 𝛽F𝐿-admissible for a pair of 𝐿-fuzzy mappings and establish the existence of common 𝐿-fuzzy fixed point
theorem. Our result generalizes some useful results in the literature. We provide an example to support our result.

1. Introduction

A large variety of the problems of analysis and applied math-
ematics relate to finding solutions of nonlinear functional
equations which can be formulated in terms of finding the
fixed points of nonlinear mappings. Heilpern [1] first intro-
duced the concept of fuzzy mappings and established a fixed
point theorem for fuzzy contraction mappings in complete
metric linear spaces, which is a fuzzy extension of Banach
contraction principle and Nadler’s [2] fixed point theorem.
Subsequently several other authors [3–17] generalized this
result and studied the existence of fixed points and common
fixed points of fuzzy mappings satisfying a contractive type
condition.

Zadeh published his important paper “Fuzzy sets” [18],
after thatGoguen published the paper “𝐿-Fuzzy sets” [19].The
concept of 𝐿-fuzzy sets is a generalization of the concept of
fuzzy sets. Fuzzy set is a special case of 𝐿-fuzzy set when 𝐿 =
[0, 1]. There are basically two understandings of the meaning
of𝐿, one is when𝐿 is a complete lattice equippedwith amulti-
plication ∗ operator satisfying certain conditions as shown in
the initial paper [19] and the second understanding of the
meaning of 𝐿 is that 𝐿 is a completely distributive complete
lattice with an order-reversing involution (see, e.g., [20–22],
etc.).

In 2012, Samet et al. [23] introduced the concept of 𝛽-
admissible mapping and established fixed point theorems

via 𝛽-admissible and also showed that these results can be
utilized to derive fixed point theorems in partially ordered
spaces and coupled fixed point theorems. Moreover, they
applied the main results to ordinary differential equations.
Afterwards, Asl et al. [24] extended the concept of 𝛽-
admissible for single valued mappings to multivalued map-
pings. Recently, Mohammadi et al. [25] introduced the
concept of 𝛽-admissible for multivalued mappings which is
different from the notion of 𝛽

∗
-admissible which has been

provided in [24] and Azam and Beg [26] obtained a common
𝛼-fuzzy fixed point of a pair of fuzzy mappings on a complete
metric space under a generalized contractive condition for 𝛼-
level sets via Hausdorff metric for fuzzy sets.

In this paper we introduce the concept of 𝛽F𝐿-admissible
for a pair of 𝐿-fuzzy mappings and establish the existence of
common 𝐿-fuzzy fixed point theorem. We also have given an
example to support our main theorem.

2. Preliminaries

Let (𝑋, 𝑑) be a metric space, and denote

𝐶𝐵(𝑋) = {𝐴 : 𝐴 is nonempty closed and bounded
subset of𝑋},

𝐶(𝑋) = {𝐴 : 𝐴 is nonempty compact subset of𝑋}.
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For 𝜖 > 0 and the sets 𝐴, 𝐵 ∈ 𝐶𝐵(𝑋) define

𝑑 (𝑥, 𝐴) = inf
𝑦∈𝐴

𝑑 (𝑥, 𝑦) ,

𝑑 (𝐴, 𝐵) = inf
𝑥∈𝐴,𝑦∈𝐵

𝑑 (𝑥, 𝑦) ,

𝑁 (𝜖, 𝐴) = {𝑥 ∈ 𝑋 : 𝑑 (𝑥, 𝑎) < 𝜖, for some 𝑎 ∈ 𝐴} ,

𝐸
𝐴,𝐵

= {𝜖 > 0 : 𝐴 ⊆ 𝑁 (𝜖, 𝐵) , 𝐵 ⊆ 𝑁 (𝜖, 𝐴)} .

(1)

Then the Hausdorff metric 𝑑
𝐻
on 𝐶𝐵(𝑋) induced by 𝑑 is

defined as

𝑑
𝐻
(𝐴, 𝐵) = inf 𝐸

𝐴,𝐵
. (2)

Lemma 1 (see [2]). Let (𝑋, 𝑑) be a metric space and 𝐴, 𝐵 ∈

𝐶𝐵(𝑋); then for each 𝑎 ∈ 𝐴

𝑑 (𝑎, 𝐵) ≤ 𝐻 (𝐴, 𝐵) . (3)

Lemma 2 (see [2]). Let (𝑋, 𝑑) be a metric space and 𝐴, 𝐵 ∈

𝐶𝐵(𝑋); then for each 𝑎 ∈ 𝐴, 𝜖 > 0, there exists an element
𝑏 ∈ 𝐵 such that

𝑑 (𝑎, 𝑏) ≤ 𝐻 (𝐴, 𝐵) + 𝜖. (4)

Definition 3 (see [19]). A partially ordered set (𝐿, ≾
𝐿
) is called

(i) a lattice, if 𝑎 ∨ 𝑏 ∈ 𝐿, 𝑎 ∧ 𝑏 ∈ 𝐿 for any 𝑎, 𝑏 ∈ 𝐿;
(ii) a complete lattice, if ∨𝐴 ∈ 𝐿, ∧𝐴 ∈ 𝐿 for any 𝐴 ⊆ 𝐿;
(iii) distributive if 𝑎∨(𝑏∧𝑐) = (𝑎∨𝑏)∧(𝑎∨𝑐), 𝑎∧(𝑏∨𝑐) =

(𝑎 ∧ 𝑏) ∨ (𝑎 ∧ 𝑐) for any 𝑎, 𝑏, 𝑐 ∈ 𝐿.

Definition 4 (see [19]). Let 𝐿 be a lattice with top element 1
𝐿

and bottom element 0
𝐿
and let 𝑎, 𝑏 ∈ 𝐿. Then 𝑏 is called a

complement of 𝑎, if 𝑎 ∨ 𝑏 = 1
𝐿
, and 𝑎 ∧ 𝑏 = 0

𝐿
. If 𝑎 ∈ 𝐿 has a

complement element, then it is unique. It is denoted by ́𝑎.

Definition 5 (see [19]). An 𝐿-fuzzy set 𝐴 on a nonempty set
𝑋 is a function 𝐴 : 𝑋 → 𝐿, where 𝐿 is complete distributive
lattice with 1

𝐿
and 0
𝐿
.

Remark 6. The class of 𝐿-fuzzy sets is larger than the class of
fuzzy sets as an 𝐿-fuzzy set is a fuzzy set if 𝐿 = [0, 1].

The 𝛼
𝐿
-level set of 𝐿-fuzzy set 𝐴 is denoted by 𝐴

𝛼𝐿
and is

defined as follows:
𝐴
𝛼𝐿
= {𝑥 : 𝛼

𝐿
≾
𝐿
𝐴 (𝑥)} if 𝛼

𝐿
∈ 𝐿 \ {0

𝐿
} ,

𝐴
0𝐿
= cl ({𝑥 : 0

𝐿
≾
𝐿
𝐴 (𝑥)}) .

(5)

Here cl(𝐵) denotes the closure of the set 𝐵.
We denote and define the characteristic function 𝜒

𝐿𝐴
of

an 𝐿-fuzzy set 𝐴 as follows:

𝜒
𝐿𝐴

:= {
0
𝐿

if 𝑥 ∉ 𝐴,
1
𝐿

if 𝑥 ∈ 𝐴.
(6)

Definition 7. Let𝑋 be an arbitrary set and𝑌 ametric space. A
mapping 𝑇 is called 𝐿-fuzzy mapping if 𝑇 is a mapping from
𝑋 into F

𝐿
(𝑌). An 𝐿-fuzzy mapping 𝑇 is an 𝐿-fuzzy subset

on 𝑋 × 𝑌 with membership function 𝑇(𝑥)(𝑦). The function
𝑇(𝑥)(𝑦) is the grade of membership of 𝑦 in 𝑇(𝑥).

Definition 8. Let (𝑋, 𝑑) be a metric space and 𝑆, 𝑇 𝐿-fuzzy
mappings from 𝑋 into F

𝐿
(𝑋). A point 𝑧 ∈ 𝑋 is called an

𝐿-fuzzy fixed point of 𝑇 if 𝑧 ∈ [𝑇𝑧]
𝛼𝐿
, where 𝛼

𝐿
∈ 𝐿 \ {0

𝐿
}.

The point 𝑧 ∈ 𝑋 is called a common 𝐿-fuzzy fixed point of 𝑆
and 𝑇 if 𝑧 ∈ [𝑆𝑧]

𝛼𝐿
∩ [𝑇𝑧]

𝛼𝐿
.

Definition 9 (see [23]). Let𝑋 be a nonempty set, 𝑇 : 𝑋 → 𝑋,
and 𝛽 : 𝑋 × 𝑋 → [0,∞). We say that 𝑇 is 𝛽-admissible if for
all 𝑥, 𝑦 ∈ 𝑋 we have

𝛽 (𝑥, 𝑦) ≥ 1 ⇒ 𝛽 (𝑇𝑥, 𝑇𝑦) ≥ 1. (7)

Definition 10 (see [24]). Let 𝑋 be a nonempty set, 𝑇 : 𝑋 →

2
𝑋, where 2𝑋 is a collection of subset of 𝑋, 𝛽 : 𝑋 × 𝑋 →

[0,∞) and 𝛽
∗
: 2
𝑋

× 2
𝑋

→ [0,∞). We say that 𝑇 is 𝛽
∗
-

admissible if for all 𝑥, 𝑦 ∈ 𝑋 we have

𝛽 (𝑥, 𝑦) ≥ 1 ⇒ 𝛽
∗
(𝑇𝑥, 𝑇𝑦) ≥ 1. (8)

Definition 11 (see [25]). Let𝑋 be a nonempty set,𝑇 : 𝑋 → 2
𝑋,

where 2𝑋 is a collection of subset of 𝑋 and 𝛽 : 𝑋 × 𝑋 →

[0,∞). We say that 𝑇 is 𝛽-admissible whenever for each 𝑥 ∈

𝑋 and 𝑦 ∈ 𝑇𝑥 with 𝛽(𝑥, 𝑦) ≥ 1 we have 𝛽(𝑦, 𝑧) ≥ 1 for all
𝑧 ∈ 𝑇𝑦.

3. Main Result

In this section, we introduce a new concept of𝛽F𝐿-admissible
for a pair of 𝐿-fuzzy mappings and establish the existence of
common 𝐿-fuzzy fixed point theorem.

Definition 12. Let (𝑋, 𝑑) be a metric space, 𝛽 : 𝑋 × 𝑋 →

[0,∞), and 𝑆, 𝑇 𝐿-fuzzy mappings from 𝑋 into F
𝐿
(𝑋). The

order pair (𝑆, 𝑇) is said to be 𝛽F𝐿-admissible if it satisfies the
following conditions:

(i) for each 𝑥 ∈ 𝑋 and 𝑦 ∈ [𝑆𝑥]
𝛼𝐿(𝑥)

, where 𝛼
𝐿
(𝑥) ∈ 𝐿 \

{0
𝐿
}, with 𝛽(𝑥, 𝑦) ≥ 1, we have 𝛽(𝑦, 𝑧) ≥ 1 for all

𝑧 ∈ [𝑇𝑦]
𝛼𝐿(𝑦)

̸= 𝜙, where 𝛼
𝐿
(𝑦) ∈ 𝐿 \ {0

𝐿
};

(ii) for each 𝑥 ∈ 𝑋 and 𝑦 ∈ [𝑇𝑥]
𝛼𝐿(𝑥)

, where 𝛼
𝐿
(𝑥) ∈

𝐿 \ {0
𝐿
}, with 𝛽(𝑥, 𝑦) ≥ 1, we have 𝛽(𝑦, 𝑧) ≥ 1 for all

𝑧 ∈ [𝑆𝑦]
𝛼𝐿(𝑦)

̸= 𝜙, where 𝛼
𝐿
(𝑦) ∈ 𝐿 \ {0

𝐿
}.

If 𝑆 = 𝑇 then 𝑇 is called 𝛽F𝐿-admissible.

Remark 13. It is easy to see that if (𝑆, 𝑇) is 𝛽F𝐿-admissible,
then (𝑇, 𝑆) is also 𝛽F𝐿-admissible.

Next, we give a common 𝐿-fuzzy fixed point theorem for
𝛽
𝐹
-admissible pair.

Theorem 14. Let (𝑋, 𝑑) be a complete metric space, 𝛽 : 𝑋 ×

𝑋 → [0,∞), and 𝑆, 𝑇 𝐿-fuzzy mappings from 𝑋 into F
𝐿
(𝑋)

satisfying the following conditions.

(a) For each 𝑥 ∈ 𝑋, there exists 𝛼
𝐿
(𝑥) ∈ 𝐿 \ {0

𝐿
} such that

[𝑆𝑥]
𝛼𝐿(𝑥)

, [𝑇𝑥]
𝛼𝐿(𝑥)

are nonempty closed bounded sub-
sets of 𝑋 and for 𝑥

0
∈ 𝑋, there exists 𝑥

1
∈ [𝑆𝑥

0
]
𝛼𝐿(𝑥0)

with 𝛽(𝑥
0
, 𝑥
1
) ≥ 1.
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(b) For all 𝑥, 𝑦 ∈ 𝑋, we have

max {𝛽 (𝑥, 𝑦) , 𝛽 (𝑦, 𝑥)} [𝐻 ([𝑆𝑥]
𝛼𝐿(𝑥)

, [𝑇𝑦]
𝛼𝐿(𝑦)

)]

≤ 𝑎
1
(𝑑𝑥, [𝑆𝑥]

𝛼𝐿(𝑥)
) + 𝑎
2
(𝑑𝑦, [𝑇𝑦]

𝛼𝐿(𝑦)
)

+ 𝑎
3
(𝑑𝑥, [𝑇𝑦]

𝛼𝐿(𝑦)
) + 𝑎
4
(𝑑𝑦, [𝑆𝑥]

𝛼𝐿(𝑥)
) + 𝑎
5
𝑑 (𝑥, 𝑦) ,

(9)

where 𝑎
1
, 𝑎
2
, 𝑎
3
, 𝑎
4
, and 𝑎

5
are nonnegative real num-

bers and ∑5
𝑖=1

𝑎
𝑖
< 1 and either 𝑎

1
= 𝑎
2
or 𝑎
3
= 𝑎
4
.

(c) (𝑆, 𝑇) is 𝛽F𝐿-admissible pair.
(d) If {𝑥

𝑛
} ∈ 𝑋, such that 𝛽(𝑥

𝑛
, 𝑥
𝑛+1

) ≥ 1 and 𝑥
𝑛
→ 𝑥,

then 𝛽(𝑥
𝑛
, 𝑥) ≥ 1.

Then there exists 𝑧 ∈ 𝑋 such that 𝑧 ∈ [𝑆𝑧]
𝛼𝐿(𝑧)

∩ [𝑇𝑧]
𝛼𝐿(𝑧)

.

Proof. We will prove the above result by considering the fol-
lowing three cases:

(1) 𝑎
1
+ 𝑎
3
+ 𝑎
5
= 0,

(2) 𝑎
2
+ 𝑎
4
+ 𝑎
5
= 0,

(3) 𝑎
1
+ 𝑎
3
+ 𝑎
5
̸= 0 and 𝑎

2
+ 𝑎
4
+ 𝑎
5
̸= 0.

Case 1. For 𝑥
0
∈ 𝑋 in condition (a), there exist 𝛼

𝐿
(𝑥
0
) ∈

𝐿 \ {0
𝐿
} and 𝑥

1
∈ [𝑆𝑥

0
]
𝛼𝐿(𝑥0)

such that 𝛽(𝑥
0
, 𝑥
1
) ≥ 1 and

also there exists 𝛼
𝐿
(𝑥
1
) ∈ 𝐿 \ {0

𝐿
} such that [𝑆𝑥

0
]
𝛼𝐿(𝑥0)

and
[𝑇𝑥
1
]
𝛼𝐿(𝑥1)

are nonempty closed bounded subsets of𝑋. From
Lemma 1, we obtain that

𝑑 (𝑥
1
, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

)

≤ 𝐻([𝑆𝑥
0
]
𝛼𝐿(𝑥0)

, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

)

≤ 𝛽 (𝑥
0
, 𝑥
1
) [𝐻 ([𝑆𝑥

0
]
𝛼𝐿(𝑥0)

, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

)]

≤ max {𝛽 (𝑥
0
, 𝑥
1
) , 𝛽 (𝑥

1
, 𝑥
0
)}

× [𝐻 ([𝑆𝑥
0
]
𝛼𝐿(𝑥0)

, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

)] .

(10)

Now, inequality (9) implies that

𝑑 (𝑥
1
, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

)

≤ 𝑎
1
𝑑 (𝑥
0
, [𝑆𝑥
0
]
𝛼𝐿(𝑥0)

) + 𝑎
2
𝑑 (𝑥
1
, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

)

+ 𝑎
3
𝑑 (𝑥
0
, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

)

+ 𝑎
4
𝑑 (𝑥
1
, [𝑆𝑥
0
]
𝛼𝐿(𝑥0)

) + 𝑎
5
𝑑 (𝑥
0
, 𝑥
1
) .

(11)

Using 𝑎
1
+ 𝑎
3
+ 𝑎
5

= 0 together with the fact that
𝑑(𝑥
1
, [𝑆𝑥
0
]
𝛼𝐿(𝑥0)

) = 0, we get

𝑑 (𝑥
1
, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

) ≤ 𝑎
2
𝑑 (𝑥
1
, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

) . (12)

It follows that 𝑥
1
∈ [𝑇𝑥

1
]
𝛼𝐿(𝑥1)

, which further implies that

𝑑 (𝑥
1
, [𝑆𝑥
1
]
𝛼𝐿(𝑥1)

) ≤ 𝐻([𝑇𝑥
1
]
𝛼𝐿(𝑥1)

, [𝑆𝑥
1
]
𝛼𝐿(𝑥1)

) . (13)

By condition (c), for 𝑥
0
∈ 𝑋 and 𝑥

1
∈ [𝑆𝑥

0
]
𝛼𝐿(𝑥0)

such
that 𝛽(𝑥

0
, 𝑥
1
) ≥ 1, we have 𝛽(𝑥

1
, 𝑧) ≥ 1 for all 𝑧 ∈ [𝑇𝑥

1
]
𝛼𝐿(𝑥1)

.
Since 𝑥

1
∈ [𝑇𝑥

1
]
𝛼𝐿(𝑥1)

, therefore 𝛽(𝑥
1
, 𝑥
1
) ≥ 1 and hence

𝑑 (𝑥
1
, [𝑆𝑥
1
]
𝛼𝐿(𝑥1)

)

≤ 𝛽 (𝑥
1
, 𝑥
1
) [𝐻 ([𝑆𝑥

1
]
𝛼𝐿(𝑥1)

, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

)] .

(14)

Again, inequality (9) implies that

𝑑 (𝑥
1
, [𝑆𝑥
1
]
𝛼𝐿(𝑥1)

)

≤ 𝑎
1
𝑑 (𝑥
1
, [𝑆𝑥
1
]
𝛼𝐿(𝑥1)

) + 𝑎
2
𝑑 (𝑥
1
, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

)

+ 𝑎
3
𝑑 (𝑥
1
, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

)

+ 𝑎
4
𝑑 (𝑥
1
, [𝑆𝑥
1
]
𝛼𝐿(𝑥1)

) + 𝑎
5
𝑑 (𝑥
1
, 𝑥
1
) .

(15)

Since 𝑎
1
+ 𝑎
3
+ 𝑎
5
= 0 and 𝑑(𝑥

1
, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

) = 0, we get

𝑑 (𝑥
1
, [𝑆𝑥
1
]
𝛼𝐿(𝑥1)

) ≤ 𝑎
4
𝑑 (𝑥
1
, [𝑆𝑥
1
]
𝛼𝐿(𝑥1)

) , (16)

which implies that 𝑥
1
∈ [𝑆𝑥
1
]
𝛼𝐿(𝑥1)

and hence

𝑥
1
∈ [𝑆𝑥
1
]
𝛼𝐿(𝑥1)

∩ [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

. (17)

Case 2. For 𝑥
0
∈ 𝑋 in condition (a), there exist 𝛼

𝐿
(𝑥
0
) ∈

𝐿 \ {0
𝐿
} and 𝑥

1
∈ [𝑆𝑥

0
]
𝛼𝐿(𝑥0)

such that 𝛽(𝑥
0
, 𝑥
1
) ≥ 1 and

also there exists 𝛼
𝐿
(𝑥
1
) ∈ 𝐿 \ {0

𝐿
} such that [𝑆𝑥

0
]
𝛼𝐿(𝑥0)

and
[𝑇𝑥
1
]
𝛼𝐿(𝑥1)

are nonempty closed bounded subsets of 𝑋. By
condition (c), we have 𝛽(𝑥

1
, 𝑥
2
) ≥ 1 for all 𝑥

2
∈ [𝑇𝑥

1
]
𝛼𝐿(𝑥1)

.
From Lemma 1, we obtain that

𝑑 (𝑥
2
, [𝑆𝑥
2
]
𝛼𝐿(𝑥2)

)

≤ 𝐻([𝑇𝑥
1
]
𝛼𝐿(𝑥1)

, [𝑆𝑥
2
]
𝛼𝐿(𝑥2)

)

≤ 𝛽 (𝑥
1
, 𝑥
2
) [𝐻 ([𝑆𝑥

2
]
𝛼𝐿(𝑥2)

, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

)]

≤ max {𝛽 (𝑥
1
, 𝑥
2
) , 𝛽 (𝑥

2
, 𝑥
1
)}

× [𝐻 ([𝑆𝑥
2
]
𝛼𝐿(𝑥2)

, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

)]

≤ 𝑎
1
𝑑 (𝑥
2
, [𝑆𝑥
2
]
𝛼𝐿(𝑥2)

) + 𝑎
2
𝑑 (𝑥
1
, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

)

+ 𝑎
3
𝑑 (𝑥
2
, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

) + 𝑎
4
𝑑 (𝑥
1
, [𝑆𝑥
2
]
𝛼𝐿(𝑥2)

)

+ 𝑎
5
𝑑 (𝑥
2
, 𝑥
1
) .

(18)

Using 𝑎
2
+ 𝑎
4
+ 𝑎
5

= 0 together with the fact that
𝑑(𝑥
2
, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

) = 0, we get

𝑑 (𝑥
2
, [𝑆𝑥
2
]
𝛼𝐿(𝑥2)

) ≤ 𝑎
1
𝑑 (𝑥
2
, [𝑆𝑥
2
]
𝛼𝐿(𝑥2)

) . (19)

It follows that 𝑥
2
∈ [𝑆𝑥
2
]
𝛼𝐿(𝑥2)

, which further implies that

𝑑 (𝑥
2
, [𝑇𝑥
2
]
𝛼𝐿(𝑥2)

) ≤ 𝐻([𝑆𝑥
2
]
𝛼𝐿(𝑥2)

, [𝑇𝑥
2
]
𝛼𝐿(𝑥2)

) . (20)
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By condition (c), we have 𝛽(𝑥
2
, 𝑥
2
) ≥ 1, and hence

𝑑 (𝑥
2
, [𝑇𝑥
2
]
𝛼𝐿(𝑥2)

)

≤ 𝛽 (𝑥
2
, 𝑥
2
) [𝐻 ([𝑆𝑥

2
]
𝛼𝐿(𝑥2)

, [𝑇𝑥
2
]
𝛼𝐿(𝑥2)

)] .

(21)

Again, inequality (9) implies that

𝑑 (𝑥
2
, [𝑇𝑥
2
]
𝛼𝐿(𝑥2)

)

≤ 𝑎
1
𝑑 (𝑥
2
, [𝑆𝑥
2
]
𝛼𝐿(𝑥2)

) + 𝑎
2
𝑑 (𝑥
2
, [𝑇𝑥
2
]
𝛼𝐿(𝑥2)

)

+ 𝑎
3
𝑑 (𝑥
2
, [𝑇𝑥
2
]
𝛼𝐿(𝑥2)

)

+ 𝑎
4
𝑑 (𝑥
2
, [𝑆𝑥
2
]
𝛼𝐿(𝑥2)

) + 𝑎
5
𝑑 (𝑥
2
, 𝑥
2
) .

(22)

Since 𝑎
2
+ 𝑎
4
+ 𝑎
5
= 0 and 𝑑(𝑥

2
, [𝑆𝑥
2
]
𝛼𝐿(𝑥2)

) = 0, we get

𝑑 (𝑥
2
, [𝑇𝑥
2
]
𝛼𝐿(𝑥2)

) ≤ 𝑎
3
𝑑 (𝑥
2
, [𝑇𝑥
2
]
𝛼𝐿(𝑥2)

) , (23)

which implies that 𝑥
2
∈ [𝑇𝑥

2
]
𝛼𝐿(𝑥2)

and hence

𝑥
2
∈ [𝑆𝑥
2
]
𝛼𝐿(𝑥2)

∩ [𝑇𝑥
2
]
𝛼𝐿(𝑥2)

. (24)

Case 3. Let 𝜆 = ((𝑎
1
+ 𝑎
3
+ 𝑎
5
)/(1 − 𝑎

2
− 𝑎
3
)) and 𝜇 = ((𝑎

2
+

𝑎
4
+𝑎
5
)/(1−𝑎

1
−𝑎
4
)). Next, we show that if 𝑎

1
= 𝑎
2
or 𝑎
3
= 𝑎
4
,

then 0 < 𝜆𝜇 < 1.
If 𝑎
3
= 𝑎
4
, then𝜆, 𝜇 < 1 and so 0 < 𝜆𝜇 < 1. Now if 𝑎

1
= 𝑎
2
,

then

0 < 𝜆𝜇 = (
𝑎
1
+ 𝑎
3
+ 𝑎
5

1 − 𝑎
2
− 𝑎
3

)(
𝑎
2
+ 𝑎
4
+ 𝑎
5

1 − 𝑎
1
− 𝑎
4

)

= (
𝑎
1
+ 𝑎
3
+ 𝑎
5

1 − 𝑎
1
− 𝑎
3

)(
𝑎
1
+ 𝑎
4
+ 𝑎
5

1 − 𝑎
1
− 𝑎
4

)

= (
𝑎
1
+ 𝑎
3
+ 𝑎
5

1 − 𝑎
1
− 𝑎
4

)(
𝑎
1
+ 𝑎
4
+ 𝑎
5

1 − 𝑎
1
− 𝑎
3

) < 1.

(25)

By condition (a), for 𝑥
1
∈ 𝑋, there exists 𝛼

𝐿
(𝑥
1
) ∈ 𝐿 \ {0

𝐿
}

such that [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

is a nonempty closed bounded subset of
𝑋. Since 𝑎

1
+ 𝑎
3
+ 𝑎
5
> 0, by Lemma 2, there exists 𝑥

2
∈

[𝑇𝑥
1
]
𝛼𝐿(𝑥1)

such that

𝑑 (𝑥
1
, 𝑥
2
)

≤ 𝐻 ([𝑆𝑥
0
]
𝛼𝐿(𝑥0)

, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

) + 𝑎
1
+ 𝑎
3
+ 𝑎
5

≤ 𝛽 (𝑥
0
, 𝑥
1
) [𝐻 ([𝑆𝑥

0
]
𝛼𝐿(𝑥0)

, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

)]

+ 𝑎
1
+ 𝑎
3
+ 𝑎
5

≤ max {𝛽 (𝑥
0
, 𝑥
1
) , 𝛽 (𝑥

1
, 𝑥
0
)}

× [𝐻 ([𝑆𝑥
0
]
𝛼𝐿(𝑥0)

, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

)] + 𝑎
1
+ 𝑎
3
+ 𝑎
5

≤ 𝑎
1
𝑑 (𝑥
0
, [𝑆𝑥
0
]
𝛼𝐿(𝑥0)

) + 𝑎
2
𝑑 (𝑥
1
, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

)

+ 𝑎
3
𝑑 (𝑥
0
, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

) + 𝑎
4
𝑑 (𝑥
1
, [𝑆𝑥
0
]
𝛼𝐿(𝑥0)

)

+ 𝑎
5
𝑑 (𝑥
0
, 𝑥
1
) + 𝑎
1
+ 𝑎
3
+ 𝑎
5

≤ (𝑎
1
+ 𝑎
5
) 𝑑 (𝑥
0
, 𝑥
1
) + 𝑎
2
𝑑 (𝑥
1
, 𝑥
2
)

+ 𝑎
3
𝑑 (𝑥
0
, 𝑥
2
) + 𝑎
1
+ 𝑎
3
+ 𝑎
5

≤ (𝑎
1
+ 𝑎
3
+ 𝑎
5
) 𝑑 (𝑥
0
, 𝑥
1
) + (𝑎

2
+ 𝑎
3
) 𝑑 (𝑥
1
, 𝑥
2
)

+ 𝑎
1
+ 𝑎
3
+ 𝑎
5
.

(26)

This implies that

𝑑 (𝑥
1
, 𝑥
2
) ≤ 𝜆𝑑 (𝑥

0
, 𝑥
1
) + 𝜆. (27)

By the same argument, for 𝑥
2
∈ 𝑋, there exists 𝛼

𝐿
(𝑥
2
) ∈

𝐿 \ {0
𝐿
} such that [𝑆𝑥

2
]
𝛼𝐿(𝑥2)

is a nonempty closed bounded
subset of 𝑋. Since 𝑎

2
+ 𝑎
4
+ 𝑎
5
> 0, by Lemma 2, there exists

𝑥
3
∈ [𝑆𝑥
2
]
𝛼𝐿(𝑥2)

such that

𝑑 (𝑥
2
, 𝑥
3
) ≤ 𝐻 ([𝑇𝑥

1
]
𝛼𝐿(𝑥1)

, [𝑆𝑥
2
]
𝛼𝐿(𝑥2)

) + 𝜆 (𝑎
2
+ 𝑎
4
+ 𝑎
5
) .

(28)

By condition (c), for 𝑥
0
∈ 𝑋 and 𝑥

1
∈ [𝑆𝑥

0
]
𝛼𝐿(𝑥0)

such that
𝛽(𝑥
0
, 𝑥
1
) ≥ 1, we have 𝛽(𝑥

1
, 𝑥
2
) ≥ 1 for 𝑥

2
∈ [𝑇𝑥

1
]
𝛼𝐿(𝑥1)

. So
we have

𝑑 (𝑥
2
, 𝑥
3
)

≤ 𝐻 ([𝑇𝑥
1
]
𝛼𝐿(𝑥1)

, [𝑆𝑥
2
]
𝛼𝐿(𝑥2)

) + 𝜆 (𝑎
2
+ 𝑎
4
+ 𝑎
5
)

= 𝐻 ([𝑆𝑥
2
]
𝛼𝐿(𝑥2)

, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

) + 𝜆 (𝑎
2
+ 𝑎
4
+ 𝑎
5
)

≤ 𝛽 (𝑥
1
, 𝑥
2
) [𝐻 ([𝑆𝑥

2
]
𝛼𝐿(𝑥2)

, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

)]

+ 𝜆 (𝑎
2
+ 𝑎
4
+ 𝑎
5
)

≤ max {𝛽 (𝑥
1
, 𝑥
2
) , 𝛽 (𝑥

2
, 𝑥
1
)}

× [𝐻 ([𝑆𝑥
2
]
𝛼𝐿(𝑥2)

, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

)] + 𝜆 (𝑎
2
+ 𝑎
4
+ 𝑎
5
)

≤ 𝑎
1
𝑑 (𝑥
2
, [𝑆𝑥
2
]
𝛼𝐿(𝑥2)

) + 𝑎
2
𝑑 (𝑥
1
, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

)

+ 𝑎
3
𝑑 (𝑥
2
, [𝑇𝑥
1
]
𝛼𝐿(𝑥1)

) + 𝑎
4
𝑑 (𝑥
1
, [𝑆𝑥
2
]
𝛼𝐿(𝑥2)

)

+ 𝑎
5
𝑑 (𝑥
2
, 𝑥
1
) + 𝜆 (𝑎

2
+ 𝑎
4
+ 𝑎
5
)

≤ 𝑎
1
𝑑 (𝑥
2
, 𝑥
3
) + (𝑎

2
+ 𝑎
5
) 𝑑 (𝑥
1
, 𝑥
2
)

+ 𝑎
4
𝑑 (𝑥
1
, 𝑥
3
) + 𝜆 (𝑎

2
+ 𝑎
4
+ 𝑎
5
)

≤ (𝑎
2
+ 𝑎
4
+ 𝑎
5
) 𝑑 (𝑥
1
, 𝑥
2
)

+ (𝑎
1
+ 𝑎
4
) 𝑑 (𝑥
2
, 𝑥
3
) + 𝜆 (𝑎

2
+ 𝑎
4
+ 𝑎
5
) .

(29)

This implies that

𝑑 (𝑥
2
, 𝑥
3
) ≤ 𝜇𝑑 (𝑥

1
, 𝑥
2
) + 𝜆𝜇. (30)
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By repeating the above process, for 𝑥
3
∈ 𝑋, there exists

𝛼
𝐿
(𝑥
3
) ∈ 𝐿 \ {0

𝐿
} such that [𝑇𝑥

3
]
𝛼𝐿(𝑥3)

is a nonempty closed
bounded subset of 𝑋. From Lemma 2, there exists 𝑥

4
∈

[𝑇𝑥
3
]
𝛼𝐿(𝑥3)

such that

𝑑 (𝑥
3
, 𝑥
4
) ≤ 𝐻 ([𝑆𝑥

2
]
𝛼𝐿(𝑥2)

, [𝑇𝑥
3
]
𝛼𝐿(𝑥3)

) + 𝜆𝜇 (𝑎
1
+ 𝑎
3
+ 𝑎
5
) .

(31)

By condition (c), for 𝑥
1
∈ 𝑋 and 𝑥

2
∈ [𝑇𝑥

1
]
𝛼𝐿(𝑥1)

such that
𝛽(𝑥
1
, 𝑥
2
) ≥ 1, we have 𝛽(𝑥

2
, 𝑥
3
) ≥ 1 for 𝑥

3
∈ [𝑆𝑥

2
]
𝛼𝐿(𝑥2)

. So
we have

𝑑 (𝑥
3
, 𝑥
4
)

≤ 𝐻 ([𝑆𝑥
2
]
𝛼𝐿(𝑥2)

, [𝑇𝑥
3
]
𝛼𝐿(𝑥3)

)

+ 𝜆𝜇 (𝑎
1
+ 𝑎
3
+ 𝑎
5
)

≤ 𝛽 (𝑥
2
, 𝑥
3
) [𝐻 ([𝑆𝑥

2
]
𝛼𝐿(𝑥2)

, [𝑇𝑥
3
]
𝛼𝐿(𝑥3)

)]

+ 𝜆𝜇 (𝑎
1
+ 𝑎
3
+ 𝑎
5
)

≤ max {𝛽 (𝑥
2
, 𝑥
3
) , 𝛽 (𝑥

3
, 𝑥
2
)}

× [𝐻 ([𝑆𝑥
2
]
𝛼𝐿(𝑥2)

, [𝑇𝑥
3
]
𝛼𝐿(𝑥3)

)]

+ 𝜆𝜇 (𝑎
1
+ 𝑎
3
+ 𝑎
5
)

≤ 𝑎
1
𝑑 (𝑥
2
, [𝑆𝑥
2
]
𝛼𝐿(𝑥2)

) + 𝑎
2
𝑑 (𝑥
3
, [𝑇𝑥
3
]
𝛼𝐿(𝑥3)

)

+ 𝑎
3
𝑑 (𝑥
2
, [𝑇𝑥
3
]
𝛼𝐿(𝑥3)

) + 𝑎
4
𝑑 (𝑥
3
, [𝑆𝑥
2
]
𝛼𝐿(𝑥2)

)

+ 𝑎
5
𝑑 (𝑥
2
, 𝑥
3
) + 𝜆𝜇 (𝑎

1
+ 𝑎
3
+ 𝑎
5
)

≤ (𝑎
1
+ 𝑎
5
) 𝑑 (𝑥
2
, 𝑥
3
) + 𝑎
2
𝑑 (𝑥
3
, 𝑥
4
)

+ 𝑎
3
𝑑 (𝑥
2
, 𝑥
4
) + 𝜆𝜇 (𝑎

1
+ 𝑎
3
+ 𝑎
5
)

≤ (𝑎
1
+ 𝑎
3
+ 𝑎
5
) 𝑑 (𝑥
2
, 𝑥
3
)

+ (𝑎
2
+ 𝑎
3
) 𝑑 (𝑥
3
, 𝑥
4
) + 𝜆𝜇 (𝑎

1
+ 𝑎
3
+ 𝑎
5
) .

(32)

This implies that

𝑑 (𝑥
3
, 𝑥
4
) ≤ 𝜆𝑑 (𝑥

2
, 𝑥
3
) + 𝜆 (𝜆𝜇) . (33)

By induction, we produce a sequence {𝑥
𝑛
} in𝑋 such that

𝑥
2𝑘+1

∈ [𝑆𝑥
2𝑘
]
𝛼𝐿(𝑥2𝑘)

,

𝑥
2𝑘+2

∈ [𝑇𝑥
2𝑘+1

]
𝛼𝐿(𝑥2𝑘+1)

, 𝑘 = 0, 1, 2, . . . ,

𝛽 (𝑥
𝑛−1

, 𝑥
𝑛
) ≥ 1, ∀𝑛 ∈ N.

(34)

Now, we have

𝑑 (𝑥
2𝑘+1

, 𝑥
2𝑘+2

)

≤ 𝐻 ([𝑆𝑥
2𝑘
]
𝛼𝐿(𝑥2𝑘)

, [𝑇𝑥
2𝑘+1

]
𝛼𝐿(𝑥2𝑘+1)

)

+ (𝜆𝜇)
𝑘

(𝑎
1
+ 𝑎
3
+ 𝑎
5
)

≤ 𝛽 (𝑥
2𝑘
, 𝑥
2𝑘+1

)

× [𝐻 ([𝑆𝑥
2𝑘
]
𝛼𝐿(𝑥2𝑘)

, [𝑇𝑥
2𝑘+1

]
𝛼𝐿(𝑥2𝑘+1)

)]

+ (𝜆𝜇)
𝑘

(𝑎
1
+ 𝑎
3
+ 𝑎
5
)

≤ max {𝛽 (𝑥
2𝑘
, 𝑥
2𝑘+1

) , 𝛽 (𝑥
2𝑘+1

, 𝑥
2𝑘
)}

× [𝐻 ([𝑆𝑥
2𝑘
]
𝛼𝐿(𝑥2𝑘)

, [𝑇𝑥
2𝑘+1

]
𝛼𝐿(𝑥2𝑘+1)

)]

+ (𝜆𝜇)
𝑘

(𝑎
1
+ 𝑎
3
+ 𝑎
5
)

≤ 𝑎
1
𝑑 (𝑥
2𝑘
, [𝑆𝑥
2𝑘
]
𝛼𝐿(𝑥2𝑘)

)

+ 𝑎
2
𝑑 (𝑥
2𝑘+1

, [𝑇𝑥
2𝑘+1

]
𝛼𝐿(𝑥2𝑘+1)

)

+ 𝑎
3
𝑑 (𝑥
2𝑘
, [𝑇𝑥
2𝑘+1

]
𝛼𝐿(𝑥2𝑘+1)

)

+ 𝑎
4
𝑑 (𝑥
2𝑘+1

, [𝑆𝑥
2𝑘
]
𝛼𝐿(𝑥2𝑘)

) + 𝑎
5
𝑑 (𝑥
2𝑘
, 𝑥
2𝑘+1

)

+ (𝜆𝜇)
𝑘

(𝑎
1
+ 𝑎
3
+ 𝑎
5
)

≤ (𝑎
1
+ 𝑎
5
) 𝑑 (𝑥
2𝑘
, 𝑥
2𝑘+1

)

+ 𝑎
2
𝑑 (𝑥
2𝑘+1

, 𝑥
2𝑘+2

) + 𝑎
3
𝑑 (𝑥
2𝑘
, 𝑥
2𝑘+2

)

+ (𝜆𝜇)
𝑘

(𝑎
1
+ 𝑎
3
+ 𝑎
5
)

≤ (𝑎
1
+ 𝑎
3
+ 𝑎
5
) 𝑑 (𝑥
2𝑘
, 𝑥
2𝑘+1

)

+ (𝑎
2
+ 𝑎
3
) 𝑑 (𝑥
2𝑘+1

, 𝑥
2𝑘+2

) + (𝜆𝜇)
𝑘

(𝑎
1
+ 𝑎
3
+ 𝑎
5
) .

(35)
This implies that

𝑑 (𝑥
2𝑘+1

, 𝑥
2𝑘+2

) ≤ 𝜆𝑑 (𝑥
2𝑘
, 𝑥
2𝑘+1

) + 𝜆(𝜆𝜇)
𝑘

. (36)

Similarly,
𝑑 (𝑥
2𝑘+2

, 𝑥
2𝑘+3

)

≤ 𝐻 ([𝑆𝑥
2𝑘+2

]
𝛼𝐿(𝑥2𝑘+2)

, [𝑇𝑥
2𝑘+1

]
𝛼𝐿(𝑥2𝑘+1)

)

+ (𝜆𝜇)
𝑘

𝜆 (𝑎
2
+ 𝑎
4
+ 𝑎
5
)

≤ 𝛽 (𝑥
2𝑘+1

, 𝑥
2𝑘+2

)

× [𝐻 ([𝑆𝑥
2𝑘+2

]
𝛼𝐿(𝑥2𝑘+2)

, [𝑇𝑥
2𝑘+1

]
𝛼𝐿(𝑥2𝑘+1)

)]

+ (𝜆𝜇)
𝑘

𝜆 (𝑎
2
+ 𝑎
4
+ 𝑎
5
)

≤ max {𝛽 (𝑥
2𝑘+1

, 𝑥
2𝑘+2

) , 𝛽 (𝑥
2𝑘+2

, 𝑥
2𝑘+1

)}

× [𝐻 ([𝑆𝑥
2𝑘+2

]
𝛼𝐿(𝑥2𝑘+2)

, [𝑇𝑥
2𝑘+1

]
𝛼𝐿(𝑥2𝑘+1)

)]

+ (𝜆𝜇)
𝑘

𝜆 (𝑎
2
+ 𝑎
4
+ 𝑎
5
)

≤ 𝑎
1
𝑑 (𝑥
2𝑘+2

, [𝑆𝑥
2𝑘+2

]
𝛼𝐿(𝑥2𝑘+2)

)

+ 𝑎
2
𝑑 (𝑥
2𝑘+1

, [𝑇𝑥
2𝑘+1

]
𝛼𝐿(𝑥2𝑘+1)

)

+ 𝑎
3
𝑑 (𝑥
2𝑘+2

, [𝑇𝑥
2𝑘+1

]
𝛼𝐿(𝑥2𝑘+1)

)

+ 𝑎
4
𝑑 (𝑥
2𝑘+1

, [𝑆𝑥
2𝑘+2

]
𝛼𝐿(𝑥2𝑘+2)

)

+ 𝑎
5
𝑑 (𝑥
2𝑘+2

, 𝑥
2𝑘+1

) + (𝜆𝜇)
𝑘

𝜆 (𝑎
2
+ 𝑎
4
+ 𝑎
5
)
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≤ 𝑎
1
𝑑 (𝑥
2𝑘+2

, 𝑥
2𝑘+3

)

+ (𝑎
2
+ 𝑎
5
) 𝑑 (𝑥
2𝑘+1

, 𝑥
2𝑘+2

)

+ 𝑎
4
𝑑 (𝑥
2𝑘+1

, 𝑥
2𝑘+3

) + (𝜆𝜇)
𝑘

𝜆 (𝑎
2
+ 𝑎
4
+ 𝑎
5
)

≤ (𝑎
2
+ 𝑎
4
+ 𝑎
5
) 𝑑 (𝑥
2𝑘+1

, 𝑥
2𝑘+2

)

+ (𝑎
1
+ 𝑎
4
) 𝑑 (𝑥
2𝑘+2

, 𝑥
2𝑘+3

)

+ (𝜆𝜇)
𝑘

𝜆 (𝑎
2
+ 𝑎
4
+ 𝑎
5
) .

(37)

This implies that

𝑑 (𝑥
2𝑘+2

, 𝑥
2𝑘+3

) ≤ 𝜇𝑑 (𝑥
2𝑘+1

, 𝑥
2𝑘+2

) + (𝜆𝜇)
𝑘+1

. (38)

From (36) and (38), it follows that, for each 𝑘 = 0, 1, 2, . . .,

𝑑 (𝑥
2𝑘+1

, 𝑥
2𝑘+2

)

≤ 𝜆𝑑 (𝑥
2𝑘
, 𝑥
2𝑘+1

) + 𝜆(𝜆𝜇)
𝑘

≤ 𝜆 [𝜇𝑑 (𝑥
2𝑘−1

, 𝑥
2𝑘
) + (𝜆𝜇)

𝑘

] + 𝜆(𝜆𝜇)
𝑘

= (𝜆𝜇) 𝑑 (𝑥
2𝑘−1

, 𝑥
2𝑘
) + 2𝜆(𝜆𝜇)

𝑘

≤ (𝜆𝜇) [𝜆𝑑 (𝑥
2𝑘−2

, 𝑥
2𝑘−1

) + 𝜆(𝜆𝜇)
𝑘−1

] + 2𝜆(𝜆𝜇)
𝑘

= (𝜆𝜇) 𝜆𝑑 (𝑥
2𝑘−2

, 𝑥
2𝑘−1

) + 3𝜆(𝜆𝜇)
𝑘

...

≤ 𝜆(𝜆𝜇)
𝑘

𝑑 (𝑥
0
, 𝑥
1
) + (2𝑘 + 1) 𝜆(𝜆𝜇)

𝑘

,

𝑑 (𝑥
2𝑘+2

, 𝑥
2𝑘+3

)

≤ 𝜇𝑑 (𝑥
2𝑘+1

, 𝑥
2𝑘+2

) + (𝜆𝜇)
𝑘+1

...

≤ (𝜆𝜇)
𝑘+1

𝑑 (𝑥
0
, 𝑥
1
) + (2𝑘 + 2) (𝜆𝜇)

𝑘+1

.

(39)

Then for𝑚 < 𝑛, we have

𝑑 (𝑥
2𝑚+1

, 𝑥
2𝑛+1

) ≤ 𝑑 (𝑥
2𝑚+1

, 𝑥
2𝑚+2

) + 𝑑 (𝑥
2𝑚+2

, 𝑥
2𝑚+3

)

+ 𝑑 (𝑥
2𝑚+3

, 𝑥
2𝑚+4

) + ⋅ ⋅ ⋅ + 𝑑 (𝑥
2𝑛
, 𝑥
2𝑛+1

)

≤ [𝜆

𝑛−1

∑

𝑖=𝑚

(𝜆𝜇)
𝑖

+

𝑛

∑

𝑖=𝑚+1

(𝜆𝜇)
𝑖

]𝑑 (𝑥
0
, 𝑥
1
)

+ 𝜆

𝑛−1

∑

𝑖=𝑚

(2𝑖 + 1) (𝜆𝜇)
𝑖

+

𝑛

∑

𝑖=𝑚+1

2𝑖(𝜆𝜇)
𝑖

.

(40)

Similarly, we obtain that

𝑑 (𝑥
2𝑚
, 𝑥
2𝑛+1

) ≤ [

𝑛

∑

𝑖=𝑚

(𝜆𝜇)
𝑖

+ 𝜆

𝑛−1

∑

𝑖=𝑚

(𝜆𝜇)
𝑖

]𝑑 (𝑥
0
, 𝑥
1
)

+

𝑛

∑

𝑖=𝑚

2𝑖(𝜆𝜇)
𝑖

+ 𝜆

𝑛−1

∑

𝑖=𝑚

(2𝑖 + 1) (𝜆𝜇)
𝑖

,

𝑑 (𝑥
2𝑚
, 𝑥
2𝑛
) ≤ [

𝑛−1

∑

𝑖=𝑚

(𝜆𝜇)
𝑖

+ 𝜆

𝑛−1

∑

𝑖=𝑚

(𝜆𝜇)
𝑖

]𝑑 (𝑥
0
, 𝑥
1
)

+

𝑛−1

∑

𝑖=𝑚

2𝑖(𝜆𝜇)
𝑖

+ 𝜆

𝑛−1

∑

𝑖=𝑚

(2𝑖 + 1) (𝜆𝜇)
𝑖

,

𝑑 (𝑥
2𝑚+1

, 𝑥
2𝑛
) ≤ [𝜆

𝑛−1

∑

𝑖=𝑚

(𝜆𝜇)
𝑖

+

𝑛−1

∑

𝑖=𝑚+1

(𝜆𝜇)
𝑖

]𝑑 (𝑥
0
, 𝑥
1
)

+ 𝜆

𝑛−1

∑

𝑖=𝑚

(2𝑖 + 1) (𝜆𝜇)
𝑖

+

𝑛−1

∑

𝑖=𝑚+1

2𝑖(𝜆𝜇)
𝑖

.

(41)

Since 0 < 𝜆𝜇 < 1, so by Cauchy’s root test, we get ∑(2𝑖 +
1)(𝜆𝜇)

𝑖 and∑2𝑖(𝜆𝜇)
𝑖 are convergent series.Therefore, {𝑥

𝑛
} is

a Cauchy sequence in 𝑋. Now, from the completeness of 𝑋,
there exists 𝑧 ∈ 𝑋 such that𝑥

𝑛
→ 𝑧 as 𝑛 → ∞. By condition

(d), we have 𝛽(𝑥
𝑛−1

, 𝑧) ≥ 1 for all 𝑛 ∈ N. Now, we have

𝑑 (𝑥
2𝑛
, [𝑆𝑧]
𝛼(𝑧)

)

≤ 𝐻 ([𝑇𝑥
2𝑛−1

]
𝛼𝐿(𝑥2𝑛−1)

, [𝑆𝑧]
𝛼(𝑧)

)

= 𝐻([𝑆𝑧]
𝛼(𝑧)

, [𝑇𝑥
2𝑛−1

]
𝛼𝐿(𝑥2𝑛−1)

)

≤ 𝛽 (𝑥
2𝑛−1

, 𝑧)𝐻 ([𝑆𝑧]
𝛼(𝑧)

, [𝑇𝑥
2𝑛−1

]
𝛼𝐿(𝑥2𝑛−1)

)

≤ max {𝛽 (𝑥
2𝑛−1

, 𝑧) , 𝛽 (𝑧, 𝑥
2𝑛−1

)}

× 𝐻 ([𝑆𝑧]
𝛼(𝑧)

, [𝑇𝑥
2𝑛−1

]
𝛼𝐿(𝑥2𝑛−1)

)

≤ 𝑎
1
𝑑 (𝑧, [𝑆𝑧]

𝛼𝐿(𝑧)
)

+ 𝑎
2
𝑑 (𝑥
2𝑛−1

, [𝑇𝑥
2𝑛−1

]
𝛼𝐿(𝑥2𝑛−1)

)

+ 𝑎
3
𝑑 (𝑧, [𝑇𝑥

2𝑛−1
]
𝛼𝐿(𝑥2𝑛−1)

)

+ 𝑎
4
𝑑 (𝑥
2𝑛−1

, [𝑆𝑧]
𝛼𝐿(𝑧)

) + 𝑎
5
𝑑 (𝑧, 𝑥

2𝑛−1
)

≤ 𝑎
1
𝑑 (𝑧, [𝑆𝑧]

𝛼𝐿(𝑧)
) + 𝑎
2
𝑑 (𝑥
2𝑛−1

, 𝑥
2𝑛
) + 𝑎
3
𝑑 (𝑧, 𝑥

2𝑛
)

+ 𝑎
4
𝑑 (𝑥
2𝑛−1

, [𝑆𝑧]
𝛼𝐿(𝑧)

) + 𝑎
5
𝑑 (𝑧, 𝑥

2𝑛−1
) .

(42)

Since

𝑑 (𝑧, [𝑆𝑧]
𝛼𝐿(𝑧)

) ≤ 𝑑 (𝑧, 𝑥
2𝑛
) + 𝑑 (𝑥

2𝑛
, [𝑆𝑧]
𝛼𝐿(𝑧)

) , (43)
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so we get

𝑑 (𝑧, [𝑆𝑧]
𝛼𝐿(𝑧)

)

≤ 𝑑 (𝑧, 𝑥
2𝑛
) + 𝑎
1
𝑑 (𝑧, [𝑆𝑧]

𝛼𝐿(𝑧)
)

+ 𝑎
2
𝑑 (𝑥
2𝑛−1

, 𝑥
2𝑛
) + 𝑎
3
𝑑 (𝑧, 𝑥

2𝑛
)

+ 𝑎
4
𝑑 (𝑥
2𝑛−1

, [𝑆𝑧]
𝛼𝐿(𝑧)

) + 𝑎
5
𝑑 (𝑧, 𝑥

2𝑛−1
)

≤ (1 + 𝑎
3
) 𝑑 (𝑧, 𝑥

2𝑛
)

+ (𝑎
4
+ 𝑎
5
) 𝑑 (𝑧, 𝑥

2𝑛−1
) + 𝑎
2
𝑑 (𝑥
2𝑛−1

, 𝑥
2𝑛
)

+ (𝑎
1
+ 𝑎
4
) 𝑑 (𝑧, [𝑆𝑧]

𝛼𝐿(𝑧)
) .

(44)

This implies that

𝑑 (𝑧, [𝑆𝑧]
𝛼𝐿(𝑧)

)

≤ (
1 + 𝑎
3

1 − 𝑎
1
− 𝑎
4

)𝑑 (𝑧, 𝑥
2𝑛
)

+ (
𝑎
4
+ 𝑎
5

1 − 𝑎
1
− 𝑎
4

)𝑑 (𝑧, 𝑥
2𝑛−1

)

+ (
𝑎
2

1 − 𝑎
1
− 𝑎
4

)𝑑 (𝑥
2𝑛−1

, 𝑥
2𝑛
) .

(45)

Letting 𝑛 → ∞, we have 𝑑(𝑧, [𝑆𝑧]
𝛼𝐿(𝑧)

) = 0. It implies that
𝑧 ∈ [𝑆𝑧]

𝛼𝐿(𝑧)
. Similarly, by using

𝑑 (𝑧, [𝑇𝑧]
𝛼𝐿(𝑧)

) ≤ 𝑑 (𝑧, 𝑥
2𝑛+1

) + 𝑑 (𝑥
2𝑛+1

, [𝑇𝑧]
𝛼𝐿(𝑧)

) , (46)

we can show that 𝑧 ∈ [𝑇𝑧]
𝛼𝐿(𝑧)

. Therefore, 𝑧 ∈ [𝑆𝑧]
𝛼𝐿(𝑧)

∩

[𝑇𝑧]
𝛼𝐿(𝑧)

. This completes the proof.

Next, we give an example to support the validity of our
result.

Example 15. Let𝑋 = [0, 1], 𝑑(𝑥, 𝑦) = |𝑥−𝑦|, whenever 𝑥, 𝑦 ∈
𝑋; then (𝑋, 𝑑) is a complete metric space. Let 𝐿 = {𝛿, 𝜔, 𝜏, 𝜅}

with 𝛿 ≾
𝐿
𝜔≾
𝐿
𝜅, 𝛿 ≾

𝐿
𝜏 ≾
𝐿
𝜅, 𝜔 and 𝜏 are not comparable;

then (𝐿, ≾
𝐿
) is a complete distributive lattice. Define a pair of

mappings 𝑆, 𝑇 : 𝑋 → F
𝐿
(𝑋) as follows:

𝑆 (𝑥) (𝑡) =

{{{{{{{{{{{{

{{{{{{{{{{{{

{

𝜅, if 0 ≤ 𝑡 ≤ 𝑥

6
,

𝜔, if 𝑥
6
< 𝑡 ≤

𝑥

3
,

𝜏, if 𝑥
3
< 𝑡 ≤

𝑥

2
,

𝛿, if 𝑥
2
< 𝑡 ≤ 1,

𝑇 (𝑥) (𝑡) =

{{{{{{{{{{{{

{{{{{{{{{{{{

{

𝜅, if 0 ≤ 𝑡 ≤ 𝑥

12
,

𝛿, if 𝑥

12
< 𝑡 ≤

𝑥

8
,

𝜔, if 𝑥
8
< 𝑡 ≤

𝑥

4
,

𝜏, if 𝑥
4
< 𝑡 ≤ 1.

(47)

Define 𝛽 : 𝑋 × 𝑋 → [0,∞) as follows:

𝛽 (𝑥, 𝑦) =

{

{

{

1

𝑥 − 𝑦


, 𝑥 ̸= 𝑦,

1, 𝑥 = 𝑦.

(48)

For all 𝑥 ∈ 𝑋, there exists 𝛼
𝐿
(𝑥) = 𝜅, such that

[𝑆𝑥]
𝜅
= [0,

𝑥

6
] , [𝑇𝑥]

𝜅
= [0,

𝑥

12
] , (49)

and all conditions of the above theorem are satisfied. Hence,
there exists 0 ∈ 𝑋, such that 0 ∈ [𝑆0]

𝛼𝐿(0)
∩ [𝑇0]

𝛼𝐿(0)
.

Corollary 16. Let (𝑋, 𝑑) be a complete metric space, 𝛽 : 𝑋 ×

𝑋 → [0,∞), and 𝑆,𝑇 fuzzymappings from𝑋 intoF(𝑋) satis-
fying the following conditions.

(a) For each 𝑥 ∈ 𝑋, there exists 𝛼(𝑥) ∈ (0, 1] such that
[𝑆𝑥]
𝛼(𝑥)

, [𝑇𝑥]
𝛼(𝑥)

are nonempty closed bounded subsets
of 𝑋 and for 𝑥

0
∈ 𝑋, there exists 𝑥

1
∈ [𝑆𝑥

0
]
𝛼(𝑥0)

with
𝛽(𝑥
0
, 𝑥
1
) ≥ 1.

(b) For all 𝑥, 𝑦 ∈ 𝑋, we have

max {𝛽 (𝑥, 𝑦) , 𝛽 (𝑦, 𝑥)} [𝐻 ([𝑆𝑥]
𝛼(𝑥)

, [𝑇𝑦]
𝛼(𝑦)

)]

≤ 𝑎
1
(𝑑𝑥, [𝑆𝑥]

𝛼(𝑥)
) + 𝑎
2
(𝑑𝑦, [𝑇𝑦]

𝛼(𝑦)
)

+ 𝑎
3
(𝑑𝑥, [𝑇𝑦]

𝛼(𝑦)
)

+ 𝑎
4
(𝑑𝑦, [𝑆𝑥]

𝛼(𝑥)
) + 𝑎
5
𝑑 (𝑥, 𝑦) ,

(50)

where 𝑎
1
, 𝑎
2
, 𝑎
3
, 𝑎
4
, and 𝑎

5
are nonnegative real num-

bers and ∑5
𝑖=1

𝑎
𝑖
< 1 and either 𝑎

1
= 𝑎
2
or 𝑎
3
= 𝑎
4
.

(c) (𝑆, 𝑇) is 𝛽F-admissible pair.
(d) If {𝑥

𝑛
} ∈ 𝑋, such that 𝛽(𝑥

𝑛
, 𝑥
𝑛+1

) ≥ 1 and 𝑥
𝑛
→ 𝑥

then 𝛽(𝑥
𝑛
, 𝑥) ≥ 1.

Then there exists 𝑧 ∈ 𝑋 such that 𝑧 ∈ [𝑆𝑧]
𝛼(𝑧)

∩ [𝑇𝑧]
𝛼(𝑧)

.

Proof. Consider an 𝐿-fuzzy mapping 𝐴 : 𝑋 → F
𝐿
(𝑋)

defined by

𝐴𝑥 = 𝜒
𝐿𝑇𝑥
. (51)

Then for 𝛼
𝐿
∈ 𝐿 \ {0

𝐿
}, we have

[𝐴𝑥]
𝛼𝐿
= 𝑇𝑥. (52)

Hence byTheorem 14, we follow the result.
If we set 𝛽(𝑥, 𝑦) = 1 for all 𝑥, 𝑦 ∈ 𝑋 in Corollary 16, we

get the following result.

Corollary 17 (see [26]). Let (𝑋, 𝑑) be a complete metric space
and 𝑆, 𝑇 fuzzy mappings from 𝑋 intoF(𝑋) satisfying the fol-
lowing conditions:

(a) for each 𝑥 ∈ 𝑋, there exists 𝛼(𝑥) ∈ (0, 1] such that
[𝑆𝑥]
𝛼(𝑥)

, [𝑇𝑥]
𝛼(𝑥)

are nonempty closed bounded subsets
of𝑋;
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(b) for all 𝑥, 𝑦 ∈ 𝑋, we have

𝐻([𝑆𝑥]
𝛼(𝑥)

, [𝑇𝑦]
𝛼(𝑦)

)

≤ 𝑎
1
𝑑 (𝑥, [𝑆𝑥]

𝛼(𝑥)
) + 𝑎
2
𝑑 (𝑦, [𝑇𝑦]

𝛼(𝑦)
)

+ 𝑎
3
𝑑 (𝑥, [𝑇𝑦]

𝛼(𝑦)
) + 𝑎
4
𝑑 (𝑦, [𝑆𝑥]

𝛼(𝑥)
)

+ 𝑎
5
𝑑 (𝑥, 𝑦) ,

(53)

where 𝑎
1
, 𝑎
2
, 𝑎
3
, 𝑎
4
, and 𝑎

5
are nonnegative real num-

bers and ∑5
𝑖=1

𝑎
𝑖
< 1 and either 𝑎

1
= 𝑎
2
or 𝑎
3
= 𝑎
4
.

Then there exists 𝑧 ∈ 𝑋 such that 𝑧 ∈ [𝑆𝑧]
𝛼(𝑧)

∩ [𝑇𝑧]
𝛼(𝑧)

.
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